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Laser-Plasma Accelerators

� Channel-guided, \Standard" Laser Wake�eld Accel-
erator (LWFA)
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� Methods of plasma wave excitation
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Lorentz Force Equation

� Relativistic Lorentz force equation

dp=dt = � e(E + v � B )

p = me
 v


 = (1 � v2=c2) � 1=2 = (1 + p2=m2
ec2)1=2

E = �r � � @A =@ct; B = r � A

� Normalizations

u = p=mec = 
 � ; � = v=c

� = e� =mec2; a = eA =mec2

t ! ct

du=dt = r � + @a=@t� (u=
 ) � (r � a)



Laser Strength Parameter

� Normalized vector potential

a = eA=mec2 ' eEL =!m ec

Frequency! , wavelength� : ! = ck = 2 �c=�

� Laser intensityI and powerP

I = hE 2i =4�; P = I (�r 2
0=2)

r 0 = laser spot size (Gaussian radial pro�le)

� Laser strength parameter (linear polarization):a0

a0 ' 0:85� 10� 9� [� m](I [W=cm2])1=2

P[GW] ' 21:5(a0r 0=� )2; EL [TV =m] ' 3:2a0=� [� m]

� Example:a0 = 1 , � = 1 � m, r 0 = 10 � m

I = 1 :4 � 1018 W/cm 2, P = 2 :1 TW, EL = 3 :2 TV/m

� Transverse quiver motion

u? = a?

Exact in 1D (Conservation of transverse canonical
momentum)



Lagrangian vs Eulerian

� Relativistic Lorentz force equation

du=dt = r � + @a=@t� (u=
 ) � (r � a)

� Lagrangian: Particle orbits:~x(t)

Independent variable:t

d~u=dt = r � + @a=@t� (~v=c) � (r � a)

~v = d~x=dt

a = a[~x(t); t]

� Eulerian: Fluid elements:v (x; t)

Independent variables:x; t

(@=@t+ v � r )u = r � + @a=@t� (u=
 ) � (r � a)



Quiver Motion: Lagrangian

� Assume:a2 � 1, solve order by order

Q = Q0 + Q1 + Q2 + : : : ; Qn � an

� Relativistic Lorentz force equation

du=dt = r � + @a=@t� (u=
 ) � (r � a)

� Zeroth order: n0 = constant, � 0 = u0 = 0

� First order: n1 = � 1 = 0 , u1 = ?

� Lagrangian:~x(t) = ~x0 + ~x1(t), x0 = constant

a(~x; t ) ' a(~x0; t) + ~x1@a=@x

d~u1=dt = @a(~x0; t)=@t

~u1 = a

Ex: d~x1=dt ' ~u1 = a0 cos!t

~x1 ' (ca0=! ) sin !t = ( �a 0=2� ) sin !t



Quiver Motion: Eulerian

� Relativistic Lorentz force equation

du=dt = r � + @a=@t� (u=
 ) � (r � a)

� Eulerian: u(x; t) = u1 + u2 : : :

(@=@t+ v � r )u = r � + @a=@t� (u=
 ) � (r � a)

@u1=@t= @a=@t

u1 = a

Ex

electron



Ponderomotive Force

� Relativistic Lorentz force equation

du=dt = r � + @a=@t� (u=
 ) � (r � a)

� Second order:
 = (1 + u2)1=2, 
 2 = u2
1=2 = a2

1=2

� Lagrangian:~x(t) = ~x0 + ~x1(t)

@a=@t' [1 + ~x1@=@x]@a(~x0; t)=@t

a = â cos!t; ~x1 = ( â=! ) sin !t

h@a=@ti ' � (1=2)(â � r )â

h(~u=~
 ) � (r � ~a)i ' (1=2)[â � (r � â)]

hd~u2=dti = hr � 2i � (1=4)r â2

� Eulerian: u(x; t) = u1 + u2 : : :

(@=@t+ v � r )u = r � + @a=@t� (u=
 ) � (r � a)

v1 ' u1 ' a

@u2=@t' r � � (a � r )a � a � (r � a)

@u2=@t' r � � r a2=2

� Ponderomotive Force:

Fp ' �r a2=2



Electron Motion in 1D Laser Field

� Relativistic Lorentz force equation

du=dt = r � + @a=@t� (u=
 ) � (r � a)

� Assumptions: 1D laser �eld,a = a(z � ct), � = 0

� Exact constants of the motion (e� initially at rest)

u? � a? = constant= 0


 � uz = constant= 1

� Electron Motion:

u? = a?

uz = a2=2


 = 1 + a2=2

� Linear polarization:a? = a0 cosk(z � ct)ex

x = x0 + ( a0=k) sin k(z � ct)

z = z0 +
a2

0=4
(1 + a2

0=4)
ct +

(a2
0=8k)

(1 + a2
0=4)

sin 2k(z � ct)

�� z =
a2

0=4
(1 + a2

0=4)



Plasma Fluid Equations

� Assumptions: Stationary ions; cold 
uid electrons

� Momentum equation

(@=@t+ v � r )u = r � + @a=@t� (u=
 ) � (r � a)

� Continuity equation

@n=@t+ r � (vn) = 0

� Poisson's equation

r 2� = 4 �e (n � n0)

� Wave eq. (J = � env ; Coulomb gauger � A = 0 )

(r 2 � @2=@ct2)A = � (4�=c )J + @r � =@ct

� Normalize: � = e� =mc2, a = eA =mc2

r 2� = k2
p(n=n0 � 1)

(r 2 � @2=@t2)a = k2
p � n=n0 + @r �=@t

� Plasma frequency! p and wavelength� p = 2 �c=! p

! p = ckp = (4 �n 0e2=m)1=2

� p[� m] ' 3:3 � 1010(n0[cm� 3]) � 1=2

Ex.: � p ' 33 � m for n0 = 1018 cm� 3



Plasma Fluid Response: Wake�elds

� Laser wake�eld (plasma wave): 2nd order,� � a2

� Momentum equation

@u2=@t' r � � r a2=2

� Continuity equation

@n2=@t+ n0r � u2 ' 0

� Poisson's equation

r 2� ' k2
pn2=n0

� \Linear" wake�eld equations (a2 � 1)

(@2=@ct2 + k2
p)� = k2

pa2=2

(@2=@ct2 + k2
p)n2=n0 = r 2a2=2

(@2=@ct2 + k2
p)u2 = � (@=@ct)r a2=2



Laser Wake�eld Generation

� Linear wake�eld equation (a2 � 1)

(@2=@ct2 + k2
p)� = k2

pa2=2

� \Quasi-static" approx: a2 = a2(� ); � = z � ct

(@2=@�2 + k2
p)� = k2

pa2=2

� Solution

� = kp

Z �

� 0

d� 0sinkp(� � � 0)a2(� 0)=2

� 0 is in front of the laser pulse where� = 0

� is the distance from the front of the pulse

� Ex: Wake behind pulse,a2 = a2
0 exp(� � 2=L2)

Ez=E0 = ( � 1=2a2
0=2)kpL exp(� k2

pL 2=4) coskp �

� Wake�eld max. whenL = � p=� 21=2 = 0 :23� p

Ez=E0 = a2
0(�= 2e)1=2 ' 0:76a2

0

� \Cold, non-relativistic wavebreaking amplitude"

E0 = cm! p=e; E0[V=m] ' 96(n0[cm� 3])1=2

Ex: E0 ' 96 GV/m for n0 = 1018 cm� 3



Nonlinear Laser Wake�elds in 1D

� Quasi-static �elds: a2 = a2(z � ct); � = � (z � ct)

� Constants of the motion

u? = a?


 � uz = 1 + �

n(1 � � z ) = n0

� Solution


 =
(1 + a2) + (1 + � )2

2(1 + � )

uz =
(1 + a2) � (1 + � )2

2(1 + � )

n
n0

=
(1 + a2) + (1 + � )2

2(1 + � )2

� Poisson's equation

@2�
@�2

=
k2

p

2

�
(1 + a2)
(1 + � )2 � 1

�



Nonlinear 1D Wake�elds

� Nonlinear plasma wavelength

� Np = � p

�
1; Ez=E0 � 1
(2=� )Ez=E0; Ez=E0 � 1

� For a square pulse:a2(� ) = a2
0 for � L < � < 0

Wake�eld max. whenL = � Np =2

Ez=E0 = a2
0=(1 + a2

0)1=2

� Nonlinear, cold relativistic wavebreaking amplitude

Generalize forvp = vg < c , a2 = a2(z � vpt)

Wavebreaking de�ned whenvz = vp or n ! 1

EW B =E0 = [2( 
 p � 1)]1=2


 p = (1 � v2
p=c2) � 1=2

Nonlinear 1D dispersion relation, EM plane wave


 g = ( !=! p)(1 + a2
0)1=4 ' 10 � 100



Linear vs Nonlinear Wake�elds

(a)

(b)



Electron Motion in Plasma Wave

� Relativistic Lorentz force equation:du=dt = r �

� Assumptions: 1D plasma wave,� = a(z� vpt), a = 0

� Exact constant of the motion:

Hamiltonian (e� energy in wave frame)

H = 
 � � puz � � = H0 = constant

uz = � p
 2
p (H0 + � ) � 
 p[
 2

p (H0 + � )2 � 1]1=2

� \Plasma Fluid" Orbit:

Electron initially at restH0 = 1 (
 p � 1)

uz = [1 � (1 + � )2]=[2(1 + � )]

� Separatrix:H0(uz = up; � = � min ) = 1 =
 p � � min

us;min ' 1=(4j� min j) � j � min j

us;max ' 4
 2
p j� min j

� Linear plasma wave:� = � 0 coskp(z � vpt)


 max ' us;max ' 4
 2
p � 0 = 4 
 2

p Ez=E0

Ex: � = 1 � m, � p = 30 � m (1017 cm� 3), a0 = 1 ,


 p = 36, Ez=E0 = 0 :7 ) 
 max ' 3600(1.8 GeV)

\Dephasing Limit"



Phase Space Orbits: Plasma Wave



Dephasing Length

� Distance for e� with v ' c to outrun wake
with vp ' vg < c

� Wake accelerating over phase region� p=2

� Dephasing (slippage) length:L d

L d(1 � vp=c) = � p=2

L d = 
 2
p � p ' (� p=� )2� p

� 3D plasma wave e�ects

� = � 0 exp(� r 2=r2
0) coskp(z � vpt)

Accel. Field:Ez = � @�=@z� kp � 0 sin  

Focus. Field:E r = � @�=@r� (2r=r 2
0)� 0 cos 

� Phase region both accel. and focus.:� p=4

L d;ef f = 
 2
p � p=2



Pump Depletion Length

� Laser pulse energy loss) plasma wake energy

� Laser pulse energy:WL / E 2
L L L

� Plasma wake energy:WP / E 2
z L p

� Pump depletion length:L p

E 2
z L p = E 2

L L L

Linear wake�eld: a2
0 � 1

EL / !a 0, L L � � p, Ez / ! pa2
0

L p ' (! 2=! 2
p)� p=a2

0 = 
 2
p � p=a2

0



Limits to Acceleration

� Laser pulse di�raction

Rayleigh di�raction length:ZR = �r 2
0=�

E�ective accel. length:L R = �Z R = � 2r 2
0=�

Ex.: r 0 = � p=� ) L R = 
 p� p

� Dephasing length:L d = 
 2
p � p

� Pump depletion length:L p = 
 2
p � p=a2

0

� Typically: L R � L d
<� L p

� Single-stage energy gain (a2 � 1)

W = eEzL accel

Di�raction: WR [MeV] ' 580(�=� p)P[TW]

Dephasing:Wd[GeV] ' I [W=cm2]=n[cm� 3]

� Example:

� = 0 :8 � m, � p = 30 � m (n = 1018 cm� 3),
a0 = 0 :7 (I = 1018 W/cm 2), r 0 = 10 � m, P = 2 :4 TW

L R = 1 :2 mm, L d = 4 :2 cm, L p = 8 :6 cm

WR = 37 MeV, Wd = 1 GeV



Laser Guiding in Plasmas

� Index of refraction: linear (a2 ! 0)

� =
ck
!

' 1 �
! 2

p

2! 2

� Index of refraction: nonlinear

� ' 1 �
! 2

p

2! 2

n

n 0

� Refractive guiding requires

@�=@r <0

� Channel guiding:
 = 1 , n = n(r ))

@n=@r >0, e.g., n = n0 + � nr 2=r2
0

Channel depth> critical depth required for guiding

� Relativistic self-focusing:n = n0, 
 = (1 + a2)1=2

@a2=@r <0, e.g., a2 = a2
0 exp(� 2r 2=r2

0)

Laser power> critical power required for guiding



Laser Pulse: Dispersion Relation

� Wave equation (J = � env ; Lorentz gauger� A = 0 )

(r 2 � @2=@ct2)A = � (4�=c )J + @r � =@ct

� Normalize: � = e� =mc2, a = eA =mc2

(r 2 � @2=@t2)a = k2
pun=(
n 0) + @r �=@t

� 1D, linear (a2 � 1) limit ( ux = ax , 
 ' 1, n ' n0)

(@2=@z2 � @2=@t2)ax = k2
pax

� Dispersion relation:ax = a0 exp(ikz � i!t )

! 2 � c2k2 = ! 2
p

� Phase velocity

vp = !=k = c(1 � ! 2
p=! 2) � 1=2 ' c(1 + ! 2

p=2! 2)

� Group velocity

vg = d!=dk = c(1 � ! 2
p=! 2)1=2 ' c(1 � ! 2

p=2! 2)

vg = c2=vp, 
 g = !=! p

� Nonlinear generalization (exact in 1D)

! 2
p = ! 2

p0n=
n 0



Paraxial Wave Equation

� Wave equation

(r 2 � @2=@t2)ax ' k2
pax n=(
n 0) = k2

p;ef f ax

� Independent variables:� = z � ct and z

� Slowly varying envelope:ax = âexp(ik� )

� Wave equation for envelopêa(�; z )

�
r 2

? + 2
�

ik +
@
@�

�
@
@z

+
@2

@z2

�
â = k2

p;ef f â

� Scalings

r ? � 1=r0

@=@�� 1=L
@=@z� 1=ZR

� Paraxial wave eq.

(r 2
? + 2 ik@=@z)â = k2

p;ef f â



Laser Pulse in Vacuum

� Vacuum paraxial wave eq.

(r 2
? + 2 ik@=@z)â = 0

� Solution: Di�raction

â = a0
r 0

r s
exp

�
�

�
1 � i

z
ZR

�
r 2

r 2
s

� i tan � 1 z
ZR

�

� Intensity pro�le

jâj2 = â� â = a2
0(r 2

0=r2
s ) exp(� 2r 2=r2

s )

� Spot size

r s = r 0(1 + z2=Z2
R )1=2, ZR = kr 2

0=2

� Phase front curvature term:� i (z=ZR )r 2=r2
s

� Gouy phase shift term:� i tan � 1 z=ZR

� Can generalize to higher-order modes

rs

k



Laser Pulse in Plasma

� Relativistic quiver:ux = ax , 
 ' 1 + a2=2,

� Plasma channel:n = n0 + � nr 2=r2
0

� Neglect plasma wake:�n = 0

� Paraxial wave eq.

(r 2
? + 2 ik@=@z)â = k2

p [1 + (� n=n0)r 2=r2
0 � â2=2]â

� Envelope Eqs.: Approx. method

â = a0(r 0=rs) exp
�
� (1 � i� ) r 2=r2

s + i�
�

r s = r s(z); � = � (z); � = � (z)

� Assumer 2=r2
s � 1; equater 0 terms, r 2 terms

� = ( kr s=2)@rs=@z

@�=@z= � 2=kr2
s � (k2

p=2k)(1 + a2
0=2)

@2(r s=r0)
@z2

=
r 3

0

Z 2
R r 3

s

�
1 �

� n
� nc

r 4
s

r 4
0

�
P
Pc

�

� Critical channel depth, critical laser power

� nc = � nc(r 0); Pc = P(!=! p)

� Exact coe�cients: Variational method



Plasma Density Channel Guiding

� Spot size evolution:R = r s(z)=r0

@2R
@z2

=
1

Z 2
R R3

�
1 �

� n
� nc

R4 �
P
Pc

�

� Vacuum (� n = 0 , Pc = 1 )

R = (1 + z2=Z2
R )1=2

� Parabolic density channel, low power (P ! 0)

@2R=@z2 = Z � 2
R R� 3(1 � R4� n=� nc)

� Matched beam case:r s = r 0 when� n = � nc

� Critical channel depth:� nc = 1=�r er 2
0

� nc[cm� 3] = 1 :1 � 1020=(r 0[� m])2

Ex.: r 0 = 10 � m ) � nc = 1018 cm� 3



Betatron Oscillations

� Spot size evolution:R = r s(z)=r0

@2R
@z2

=
1

Z 2
R R3

�
1 �

� n
� nc

R4
�

� Mismatched solution: Betatron oscillations

2
r 2

s

r 2
i

= 1 +
� nr 4

0

� ncr 4
i

+
�

1 �
� nr 4

0

� ncr 4
i

�
cosk� z

� Betatron wavelength

� � = 2 �=k � = �Z R (� nc=� n)1=2

r s

rs



Relativistic Self-Focusing

� Include rel. quiver:
 = 1 + a2=2,

@2R=@z2 = Z � 2
R R� 3(1 � P=Pc)

� Solution

R2 = 1 + ( z2=Z2
R )(1 � P=Pc)

� Matched beam case:r s = r 0 whenP = Pc

� Critical power:

Pc[GW] = 17( � p=� )2

Ex.: � = 0 :8 � m, � p = 10 � m (1019 cm� 3)

) Pc = 2 :7 TW

� Nonlinear analysis
 = (1 + a2)1=2 prevents

catastrophic self-focusing whenP > P c



Plasma Wake E�ects

� Include plasma wave:�n=n 0

� Refractive index:� = 1 � (! 2
p=2! 2)(n=
n 0)

� ' 1 �
! 2

p

2! 2

�
1 �

a2

2
+

� n
n0

+
�n
n0

�

� No channel:� n = 0

� Plasma wave:�n=n 0 (k2
pr 2

0 � 1)

(@2=@�2 + k2
p)�n=n 0 = @2(a2=2)=@�2

� Short laser pulse:k2
pL 2 � 1

�n=n 0 ' a2=2

Density wave cancels relativistic term

) Short pulses (L � � p) di�ract

� Long laser pulse:k2
pL 2 � 1

�n=n 0 � (a2=2)=(k2
pL 2) � a2=2

Body of long pulse can be relativistically self-guided

) Long pulses (L � � p) unstable



Plasma Wake Focusing

� Include plasma wave:�n=n 0

� Refractive index:� = 1 � (! 2
p=2! 2)(n=
n 0)

� ' 1 �
! 2

p

2! 2

�
1 �

a2

2
+

� n
n0

+
�n
n0

�



Self-Consistent Theory

� Refractive index:� = 1 � (! 2
p=2! 2)(n=
n 0)

� ' 1 �
! 2

p

2! 2

�
1 �

a2

2
+

� n
n0

+
�n
n0

�

� Plasma wave:�n=n 0 (k2
pr 2

0 � 1)

(@2=@�2 + k2
p)�n=n 0 = @2(a2=2)=@�2

�n
n0

=
Z �

0
d� 0coskp(� � � 0)

@
@�0

a2(� 0)
2

� Envelope equation

@2R
@z2

�
1

Z 2
R R3

�
1 �

� n
� nc

R4 �
P
Pc

�

=
Z �

0
d� 0coskp(� � � 0)

@
@�0

P(� 0)=Pc

[R2(� ) + R2(� 0)]2

� Plasma wave: Alternating regions of enhanced di�rac-
tion and focusing

Modulates intensity) enhances wake) Unstable



Self-Modulation Instability

� Perturb about matched beam:R = R0 + �R

�
@2

@�2
+ k2

p

� �
@2

@z2
+ k2

�

�
�R = c0

�
P
Pc

�
�R

� Various regimes of growth

� Intermediate regime

�R � �R 0 exp(Ne)

Ne �
�

P
Pc

kp�
z

zR

� 1=2

More growth for higher power

Grows from front of pulse backward

Grows with propagation distance



Self-Modulated LWFA Example

� Laser Pulse

a0 = 0 :7
L = 90 � m (300 fs)
r 0 = 31 � m (vacuum)
ZR = 3 mm
P = 10 TW
WL = 1 :5 J

� Case I: Standard LWFA (low density)

L = � p = 90 � m
np = 1 :4 � 1017 cm� 3

P � Pc= 140 TW

� Case II: Self-Modulated LWFA (high density)

L > � p = 20 � m
np = 2 :8 � 1018 cm� 3

P = 1 :5Pc= 10 TW



Self-Modulated LWFA Example

(a)

(b)



Self-Modulated LWFA Example

(a)

(b)



Self-Modulated LWFA Example

(a)

(b)



Colliding Pulse Injection

� Two-Stage Acceleration Process

1. Fast Wake�eldvp ' c (Standard LWFA)

- Does not trap plasma electrons (Ez < E W B )

- Accelerated injected electrons to high energy

2. Slow laser beat Wavevp � c (Colliding pulses)

- Beat wave between forward (!; k ) and backward
(! � � !; � k) light drives slow ponderomotive wave
(� !; 2k): vp = � != 2k

- Slow beat wave traps and heats plasma electrons:
Injects plasma electrons into fast wake�eld

y

f 0a

2a

-15 -10 -5 0 5

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

1a

N
or

m
al

iz
ed

 P
ot

en
tia

ls



Colliding Pulse: Beat Wave

� Laser beat wave

Forward+ Backward Injection Pulse

ai = âi (z � vgi t) exp i (ki z � ! i t)

� Ponderomotive force:Fp � r a2=2

a2 = â2
1 + â2

2 + 2 â1â2 cos [(k1 + k2)z � (! 1 � ! 2)t]

� Slow Ponderomotive Beat Wave:Fp � @(a1a2)=@z

Fp � (k1 + k2)â1â2 cos [(k1 + k2)z � (! 1 � ! 2)t]

vp =
! 1 � ! 2

k1 + k2
'

� !
2k0

'
� !
2! 0

c � c

zu
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Colliding Pulse: Example
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(a) Before collision

(d) Relativistic Beam(c) After collision

(b) During collision


