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Laser-Plasma Accelerators

Channel-guided, \Standard" Laser Wake eld Accel-
erator (LWFA)

Drive Plasma Chann
Laser Plasma Wave

A4

Electron Electron Bunch
Injector Laser Puls

Methods of plasma wave excitation
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Lorentz Force Equation

Relativistic Lorentz force equation

dp=dt= eE+Vv B)

P=Mg V
=(1 v*=¢) =1+ p’=mgct)t
E=r @\=@ct; B=r A

Normalizations

= e =meC’; a= eA=m’
t! ct
du=dt=r + @=@t (u=) (r a)
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Laser Strength Parameter

Normalized vector potential

a= eA=m.c?' eE, =Im .C
Frequency! , wavelength : ! = ck=2 c=
Laser intensityl and powerP
| = hE2%i=4; P =1I(r 3=2)
ro = laser spot size (Gaussian radial pro le)

Laser strength parameter (linear polarizationdy
a' 0:85 10 2 [ m](l [W=cm?])1=2

P[GW] ' 2L5(agro= )2; EL[TV=m]' 3:2a,= [ m]
Example:ag =1, =1 m,rg=10 m
| =1:4 10® W/cm?, P =2:1TW, E. =3:2TV/m
Transverse quiver motion
U, = a»

Exact in 1D (Conservation of transverse canonical
momentum)



Lagrangian vs Eulerian

Relativistic Lorentz force equation

du=dt=r + @=@t (u=) (r a)

Lagrangian: Particle orbitsx(t)

Independent variablet

da=dt=r + @=@t (v=0 (r a)

v = dx=dt
a = a[x(t);t]

Eulerian: Fluid elementsv(x;1)

Independent variablesx;t

(@=@tv r)u=r + @=@t (u=) (r
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} Quiver Motion: Lagrangian

Assume:a® 1, solve order by order
Q=Qo+ Q1+ Q2+ :::; Qp a
Relativistic Lorentz force equation
du=dt=r + @=@t (u=) (r a)

Zeroth order:ng = constant, g = ug=0
First order:n; = 1=0,u; =7
Lagrangian:x(t) = xg + ¥1(t), Xo = constant

a(¢t) ' a(%p;t) + X @a=@x

derp=dt = @(xo;t)=@t
thy = a
Ex: dx;=dt' o = agcos!t

¥1' (cag=!)sin!t =( ag=2 )sin!t
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| Quiver Motion: Eulerian

Relativistic Lorentz force equation
du=dt=r + @=@t (u=) (r a)
Eulerian:u(x;t) = us + us:::
(@=@tv r)u=r + @=@t (u=) (r a)
@,=@Qt @=@t

Ui = a

electron




Ponderomotive Force

Relativistic Lorentz force equation

du=dt=r + @=@t (u=) (r a)
Second order: = (1+ u?)*2, , = u?=2= aj=2
Lagrangian:x(t) = %o + %1(t)

@a=@t [1+ %1 @=Q® &xo; t)=@t
a=7acoslt; x; =(a=!)sin't
h@a=@t (1=2)(a r )&

Ne=~) (r &i" (1=2))a (r &)
da,=dti = hr i (1=4)r &°

Eulerian:u(x;t) = us + us:::
(@=@tv r)u=r + @=@t (u=) (r a)
Vi’ ui' a
@i=@tr (arj)a a (r a)
Qi ,=@tr r a’=2
Ponderomotive Force:

Fpo'r a®=2
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Electron Motion in 1D Laser Field

Relativistic Lorentz force equation
du=dt=r + @=@t (u=) (r a)
Assumptions: 1D laser elda= a(z ct), =0
Exact constants of the motion (e initially at rest)
u, a, = constant=0
U, = constant=1

Electron Motion:

U, = a»
u, = a=2
=1+ a’=2

Linear polarization:a, = agcosk(z ct)ey

X = Xo+ (ap=K)sink(z ct)

2— 2 —
ag=4 . (s578K)

TR g W %)

sinZk(z ct)

__ %
©(1+ a5
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Plasma Fluid Equations

Assumptions: Stationary ions; cold uid electrons
Momentum equation
(@=@tv r)u=r + @=@t (u=) (r a)
Continuity equation

@n=@ir (vn)=0
Poisson's equation

r2=4 e(n np)
Wave eq. § = env,; Coulomb gauge A =0)

r? @=@HA = (@=c))J+@ =@ct

Normalize: = e =mc?, a= eA=mc

r? =kg(n=ny 1)

(r* @=@Ya=k; n=no+ @ =@t
Plasma frequency , and wavelength , =2 c=!
| = cky = (4 n gef=m)1=2
o[ m' 33 10Y¥(ng[cm 3]) 72

Ex. ,' 33 mforng =10 cm ?
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Plasma Fluid Response: Wake elds

Laser wake eld (plasma wave): 2nd order, a?
Momentum equation

@ =@tr r a’=2
Continuity equation

@p=@t nor ux' O
Poisson's equation

r s ' ksna=ng
\Linear" wake eld equations @°> 1)
(B=@ct+ kg) = k§a2=2
(@=@ct+ k3)np=ny = r “a*=2
(@=@ct+ kju, = (@=@)cta*=2
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Laser Wake eld Generation

Linear wake eld equationg*> 1)
(B=@ct+ ké) = k§a2:2
\Quasi-static" approx: a2 = a?( ); =z ct
(@=@° + k§) = kga*=2
Solution

Z
=k, d %sinkp( Ya?( 9=2

0

o Is in front of the laser pulse where=0

IS the distance from the front of the pulse
Ex: Wake behind pulsea® = ajexp( 2=L?)

E,=Eo = ( '"2ag=2)k,L exp( kgL*=4)cosk,
Wake eld max. whenL = = 2172 =0:23 |
E,=Eo = a5( =2e)172"' 0:76a3
\Cold, non-relativistic wavebreaking amplitude
Eo = cm! p=e; Ey[V=m]' 96(no[cm 3])=2

Ex: Eg' 96 GV/m for ng = 108 cm 3
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Nonlinear Laser Wake elds in 1D

Quasi-static elds:a® = a?(z «ct); = (z

Constants of the motion

Solution

_(@+a)+(1+ )’
- 21+ )

_(@+a) 1+ )
- 201+ )

n _ (@A+a%)+@+ )
no 2(1+ )?

Poisson's equation

Uz

@ ki 1+ a? .
@2 2 (1+ )2

ct)
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Nonlinear 1D Wake elds

Nonlinear plasma wavelength

-

_ 1 E,=Eg
NPT P (2= )E,=Eq; E,=Ep 1

For a square pulsea?( )= aifor L< < O
Wake eld max. whenL = yp=2
E,=Eo = ag=(1+ a5)*™*
Nonlinear, cold relativistic wavebreaking amplitude
Generalize fov, = vg <c, a2 = a%(z  Vpt)
Wavebreaking de ned whem, = vporn!1l
Ews=Eo=[2( , 1]
b= (L VB=@) 172
Nonlinear 1D dispersion relation, EM plane wave
g =(1=! @+ ag)" 10 100
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Linear vs Nonlinear Wake elds
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Electron Motion in Plasma Wave

Relativistic Lorentz force equationdu=dt = r
Assumptions: 1D plasmawave,= a(z vpt),a=0
Exact constant of the motion:
Hamiltonian (e energy in wave frame)
H = pUz = Hy = constant
U, = p B(Ho+ )l B(Ho+ )2 1P
\Plasma Fluid" Orbit:
Electron initially at restHo =1 ( , 1)
u; =1 (1+ )21+ )]
Separatrix:Ho(Uz; = Up; = min)=1=p min
Usmin =~ 1=(4) min)) | min ]
"4 5] min ]

Linear plasma wave: = gcosky(z Vpt)

Us:max

max ' Usmax ' 4§ 0=4 SE;=Eg
Ex: =1 m, ,=30 m (10" cm 3), ap =1,
5 =36,E,=Eg=0:7) max ' 3600(1.8 GeV)
\Dephasing Limit"



Plasma Wave
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Dephasing Length

Distance for e with v' c¢ to outrun wake
with vp ' vg <cC

Wake accelerating over phase regiop~2
Dephasing (slippage) length- 4
La(1 vp=Q= ;=2
La= 55" (p=)°p
3D plasma wave e ects
= opexp( ré=r§)coskp(z Vpt)

Accel. FieldE; = @ =@z kp osin

Focus. FieldE, = @ =@r (2r=r§) ocos
Phase region both accel. and focus.,=4

— 2 —_
Laett = 5 p=2
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Pump Depletion Length

Laser pulse energy logs plasma wake energy
Laser pulse energyV, / EZL_
Plasma wake energyVp / EZL,
Pump depletion lengthiL,
E2L, = EZL,
Linear wake eld:a 1

Lp " (! 2= S) p:a%: S pzafz)
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Limits to Acceleration

Laser pulse di raction
Rayleigh diraction length:Zg = r 2=

2r2_

E ective accel. length:Lr = Z g = 5=

Ex.ro= p= ) Lr= pop
Dephasing lengthiq = 7
Pump depletion lengthl, = 5 ,=8j
Typically: L Lg < Lp
Single-stage energy gaim{ 1)

W = eE,L accel

Di raction: Wr[MeV]"' 580(= ,)P[TW]

Dephasing:Wg4[GeV]' | [W=cm“]=n[cm 3]
Example:

=0:8 m, p:30 m(r]:]_()l8 cm 3),
ap=0:7 (1 =10 W/iem?), rp =10 m,P =2:4TW

Lr=12mm,Lg=4:2cm,L, =8:6 cm

Wgr =37 MeV, Wy =1 GeV
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Laser Guiding in Plasmas

Index of refraction: linearg®>! 0)

:ﬂ('l i

Refractive guiding requires
@ =@r 0
Channel guiding: =1, n= n(r))

@n=@r ®, e.g.,Nn = Ng+ nr2=rg
Channel depth> critical depth required for guiding
Relativistic self-focusingn = ng, =(1+ a?)**

@4=@r <0, e.g.,a% = ajexp( 2r?=rj)

Laser power critical power required for guiding
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Laser Pulse: Dispersion Relation

Wave equationd = env; Lorentzgauge A =0)
r* @=@A = (@4=c)J+@ =@ct
Normalize: = e =mc?, a= eA=mc
(r* @=@Ya= kjun=(no)+ @ =@t
1D, linear @ 1) limit (ux = a,, ' 1,n' ng)

(@=@z @=@%a, = kjay

Dispersion relationay, = agexp(ikz it )

12 ¢k?=17
Phase velocity
Vp=I=k = (1 12=12) 172" ¢(1+12=22)
Group velocity
vg = di=dk = ¢(1 !7=1%)7" o1 ! 7=217)

Vg = C°=\p, o= !=!

Nonlinear generalization (exact in 1D)
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Paraxial Wave Equation

Wave equation

(r? @=@Yax ' kjaxn=(no)= Ko ax
Independent variables: = z ctandz
Slowly varying envelopea, = ‘aexp(ik )

Wave equation for envelop&( ;z)

.. @ @ @
ra+2 ik+ @ o @ 8= Kperr A
Scalings
F - 1=rg
@=@ 1=L
@=@z 1=Zr

Paraxial wave eq.
(r 5 +2ik@=@2 = ki &
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Laser Pulse in Vacuum

Vacuum paraxial wave eq.
(r 3 +2ik@=@2a=0

Solution: Di raction

r
0 exp 1

a= | —
aors ZR

Intensity pro le
j8j* ="a a= ag(rg=rs)exp( 2r*=rg)
Spot size
rs = ro(l+ z2=22)%2, Zr = krg=2
Phase front curvature term: i(z=Zg)r?=r2
Gouy phase shift term: itan !z=Zx

Can generalize to higher-order modes
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Laser Pulse in Plasma

Relativistic quiver:uy = ay, ' 1+ a?=2,
Plasma channeln = ng+ nr2=r3
Neglect plasma wake:n =0
Paraxial wave eq.
(r 5 +2ik@=@2a= kj[1+( n=ng)re=rg &°=2Ja
Envelope Eqs.. Approx. method
a= ap(ro=rs)exp (1 i )r2=r2+i
rs=rs(2); = (2, = (2
Assumer?=r2  1; equater?® terms,r? terms
= (krs=2)@s=@z
@ =@z 2=kr2 (kZ=2k)(1+ ad=2)

@(rszro) _ rg 1 N I'g' P
@z Z2arg ncrg  Pe

Critical channel depth, critical laser power

Exact coe cients: Variational method
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Plasma Density Channel Guiding

Spot size evolutionR = rg(z)=rg

@GR 1 1 n
@2 ZZ2R3 N P.

Vacuum ( n=0,P,= 1)
R=(1+ z2=23)'2
Parabolic density channel, low powelP (! 0)
@R=@%= Z,°R 3(1 R* n= n)
Matched beam casets = ro when n= ng
Critical channel depth: n.=1=r er%
ngfem 3]=1:1 10°°=(ro[ m])?

ExX.ro=10 m) n.=10¥cm 3
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Betatron Oscillations

Spot size evolutionR = rg(z)=rg

@GrR 1

@2z ~ Z2ZR3

Mismatched solution:

2 4
r nr
25 =1e 8
r: Nl

Betatron wavelength

n
Nc

1 R*

Betatron oscillations

4
nrg

2 cosk z
Nel;

=2 =k = Z R( Ne= n)1=2
180~
I /vacuum
~ 100F
: : ;
\3; I | ,’I channel |
= 50:— s
oL.. . . L e
0 0.5 1.0 1.5 2.0
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Relativistic Self-Focusing

Include rel. quiver: =1+ a®=2,
@R=@%z= Zx°R 3(1 P=P)
Solution
R2=1+(22=22)(1 P=PR,)
Matched beam casers = ro whenP = P;
Critical power:
P[GW] = 17( p= )?
Ex. =08 m, ,=10 m (10 cm 3)

) P.=2:7TW

Nonlinear analysis = (1+ a?)? prevents

catastrophic self-focusing whela > P
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Plasma Wake E ects

Include plasma wave:n=n g
Refractive index: =1 (! §=2! ?)(n=ny)
12 a n_n

1 21 T+ _— 4
21 2 2 No No

No channel: n=0
Plasma wave:n=ng (ksrg 1)
(@=@7 + kZ) n=n, = @(a2=2)=@>
Short laser pulseksL® 1
n=ny' a’=2
Density wave cancels relativistic term
) Short pulses I p) diract
Long laser pulseksL® 1
n=no (a*=2)=(kjL*) a°=2
Body of long pulse can be relativistically self-guided

) Long pulses( 0) unstable
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Plasma Wake Focusing

BERKELEY LAB

Include plasma wave:in=ng

Refractive index: =1 (! §=2! ?)(n=n o)

| 2 2
! a N n
1 P17 T4 +
21 2 2 No No
on FOCUSING DIFFRACTING
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Self-Consistent Theory

Refractive index: =1 (! §=2! ?)(n=ny)

| 2 2

. a n n
1 P 1 =+ +

2! 2 2 No No

Plasma wave:n=no (kirg 1)

(@=@?+ k2) n=n; = @(a2=2)=@>

Z

n _ 0 @ a*( )

el d “coskp( 0)@0 5
Envelope equation
@R 1 n_, P
@2 Z2ZRS LR R

Z

@ P( ()):Pc
= d Ycosk
; ' D@swe ) RA( P

Plasma wave: Alternating regions of enhanced di rac-
tion and focusing

Modulates intensity) enhances wake Unstable
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Self-Modulation Instability

Perturb about matched beamR = Rg+ R

@

P
@'FKZ @ k2 R:CO ——

— +
P @2 Pc
Various regimes of growth
Intermediate regime

R Roexp(Ne)

P Z

N —k, —

° c P R

More growth for higher power

Grows from front of pulse backward

Grows with propagation distance

R
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Self-Modulated LWFA Example

Laser Pulse

ag=0:7

L =90 m (300 fs)
ro =31 m (vacuum)
Zr =3 mm

P=10 TW

W, =15J

Case I. Standard LWFA (low density)

L= ,=90 m
np=1:4 10" cm 3
P P.=140 TW

Case Il: Self-Modulated LWFA (high density)
L> ,=20 m
n,=2:8 10% cm 3
P=15P.=10 TW
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Self-Modulated LWFA Example
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Self-Modulated LWFA Example

E, (GV/m)

Energy (MeV)
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Colliding Pulse Injection

Two-Stage Acceleration Process

1. Fast Wake eldv, ' c¢ (Standard LWFA)

- Does not trap plasma electron&( < E wg )

- Accelerated injected electrons to high energy
2. Slow laser beat Wave, c (Colliding pulses)

- Beat wave between forward!;(k ) and backward
(! I, k) light drives slow ponderomotive wave

( 5 2k):vp= I1=2k

- Slow beat wave traps and heats plasma electrons:
Injects plasma electrons into fast wake eld

1
075 o~ o~ T
05 f@\ a
025 AT

|
/' ' I !
-05 ( ! I !
h H \ h |
1 / \ '

Normalized Potentials
(@]

1
| / \ | |
Q5f, v L
| \ |
/' .
\ ’

'OB \\.\.,( | ) . ) .
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Colliding Pulse: Beat Wave

Laser beat wave
Forward+ Backward Injection Pulse
ai =8i(z vgt)expi(kiz 1!t)
Ponderomotive forceF, r a%=2
a® =‘af +%85 + 2@y cos[ky + ka)z (11 !t

Slow Ponderomotive Beat Wave:, @aja2)=@z

Fo (ki+ ko)as@zcos[ky + k2)z (Y1 !2)t]

1o, I,

Vp = —C C
P ki + ke 2kg 21,
20 7 . T ' ]
. Trapped \  Trapped + focused
15 wake orbit wake orbit ,’
[ \ /
10} ' /
[ AN /
05f SN o ~o o

Untrapped

u, 00}
A it wake orbit]
-05 | _
-10 Beat wave
[ separatrices
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Colliding Pulse: Example

(a) Before collision (b) During collision
15 15
10 10
0.5 0.5

uZ uz
0.0 0.0
-0.5 -05
-5 -4 -3 -2 -1 -0 -9 -8 -5 -4 -3 -2 -1 -10 -9
y y

(c) After collision (d) Relaivistic Bean
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